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Abstract: Let C be a smooth (irreducible) curve of degree d in P 2 . Let P 2 ^-s> P 5 
be the Veronese embedding and let Ic denote the homogeneous ideal of C on P 5 . In this 
note we explicitly write down the minimal free resolution of Xq for d > 2. 

1. Introduction 

In [L], the author has remarked, " It is very exceptional to be able to 
construct the whole resolution explicitly, let alone to be able to do so by 
hand!." This remark of Lazarfeld motivated us to try to explicitly calculate 
whole resolutions of projective varieties. 

In this paper I have explicitly calculated the whole resolutions of the 
Veronese embedding of plane curves. I look at the even and odd degree 
curves separately and get the explicit resolution for both. 

Let C be a smooth and irreducible projective curve and L be an ample 
line bundle on C, generated by its global sections. Then L determines a 
morphism 

$ L : C — ► P(#°(L)) = P r 

where r = h°(L) — 1. Also we have that if L is very ample, then $^ is an 
embedding. 

Let Ic be the homogeneous ideal of C in P r and S, homogeneous coordi- 
nate ring of the projective space, P r 



1 



Let R = S/Xqi then the minimal graded free resolution of R is the following 
exact sequence of free modules: 

-> E n ^ . . . 4 E 2 % E l % E -> i2 -> . . . (A) 

where each Ei is a direct sum of twists of S, i.e. 

-E^ = (BjS{— ciij), 

And the maps, aj's in the above exact sequence are given by matrices of 
homogeneous forms and none of the entries in the above matrices are non- 
zero constants. Note that E = S and the image of «i is the ideal of S, X C - 

In this note we look at C, a smooth(irreducible) curve of degree d such 
that C ^ P 2 (here L is OciX))- Now because of the Veronese embedding, we 
get an embedding of C in P 5 which is nothing but the embedding of C in P 5 
due to the very ample line bundle, Oc (2). We explicitly calculate minimal 
free resolution of Xq and in particular get the equations defining C in P 5 . 
Most of the definitions in this note are from [S] and [HJ. 



Notations 

The first syzygy module is defined as the image of a 2 in E± in the exact 
sequence (A) and is denoted by Syz 1 (Xc). 

The k th syzygy module is defined inductively to be the module of syzy- 
gies of the (k — l) st syzygy module. Hence we have the following inductive 
relation: 

Syz fc (X c ) = Syz i (Syz fc - J (X c )) 



2. Resolutions of Veronese Embedding 

Consider a : P 2 ->• P 5 such that for p = (a , Oi, a 2 ) G P 2 , 

a(p) = (oq, a ai, a a 2 , a 2 , a x a 2 , a 2 ) 
This is called the Veronese embedding of P 2 in P 5 [H] . 
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Now if ^00)^01)^02)^11)^12)^22 denote homogeneous coordinates on P 5 , 
then one has a description of <r(P 2 ) as the zeros of the six minors of the 
following 3x3 symmetric matrix. 

Xoo Xoi x 02 \ 
Xqi Xu X\2 I 

Xq2 %12 %22 ) 

Moreover we also get a map, 

9 : k[x 00 , x 01 , x 02 , x u , x 12 , X22} -> k[x ,xi,x 2 ] 

such that, 6(xij) = XiXj V0 < i < j < 2. 

Also the defining equations of this embedding are: 



Aoo 


= 0:11X22 


x 12 


A01 


= X01X22 


— X 12 X()2 


A 02 


— ^01^12 


— X02X11 


A n 


= Xoo^22 


x 02 


Ai 2 


= Xoo^l2 


— X02X01 


A 22 


= Xqo^II 


x 01 



Notice that, 

ker(#) = < Ai d , V0 < i < j < 2 > 



From now we will denote k[xoo, Xoi, £02, Xn,xi2, X22] as S. And for dsZ, 
S(d) is the graded S module such that S(d) n = Sd+ n 

Theorem 1 : [OPJ The ideal X P 2 of cr(P 2 ) in P 5 has the following resolution. 

S(-4)® 3 ^ S(-3)® 8 ^ S(-2)® 6 A 4 X p2 -+ (1) 

where, 

Mi=[A 00 , A01, A 02 ,, An, A12, A 22 ] 



£02 
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X22 





aJi2 
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-Z11 
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X02 
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M, 





^00 





-Xu 


— Xqi 





-X02 





xoo 


X\2 


X 2 





-X22 





X02 





~X 2 


-Xqi 





Xl2 


x u 





-X22 


-X12 



(3) 



3. Resolutions of plane curves in the Veronese embedding. 

Let C be a smooth(or irreducible) curve such that, C P 2 . Hence 
C is given by a irreducible polynomial in three variables. Now recall that 
P 2 P 5 . Hence we have C ^ P 2 A P 5 . We will compute the syzygies of 
the homogeneous ideal I a {C) using this embedding and the resolution of the 
Veronese embedding above. Let C be defined by the polynomial / of degree 
d in three variables. Hence, 

C = Z(f(x ,x 1 ,x 2 )) 

Let, 

/ = O-i,j,kX x{x 2 
i+j+k=d 



3.1: Degree of / is even 



We have d is even(say 2m), and 



/ ~~ a i,j,kX x{ 
i+j+k=2m 



x 2 



Lemma 2: Im{6) is a subalgebra of if[xo, x±, X2] and is generated by 
even polynomials. 
Proof: 
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To prove thatl / E Im(9). We split / in four parts, depending on the parities 
of i,j,k, i.e., f = f* + f" + f 1 " + f IV with; 

/ = a i,j,k x o x l x 2 

i+j+k=d, 
i,j,k even 

and so on. 

Case I : When i, j, k are all even, consider 



F — ^ ^ &ijk x 00 



ilk 

rtn 2 ryt 2 

• L \\ x 22 



i+j+k=d 
i,j,k even 



Notice that 9(F l ) = f 1 



Case II: When % is even, j and k odd, consider 

i j-1 fc-j 



77 \ - " — - 

-F = £ a ijk x QO x ll x 22 X V2 



i+j+k=d 
i even 
jr',fc odd 

Similarly as Case I, 6(F U ) = f n 

Case III: With % is odd, j is even, k is odd consider 



777 V — — — — — - 

F = y 0>ijk x OO x \\ x 22 x 02 



i+j+k=d 
j even 
i,k odd 



9(F ul ) = f m 



Case IF: % is odd, j is odd, k is even consider, 

i-l j-1 k 



rpIV _ \ ^ — — 2 

.T — / &ijk x Q0 x ll x 22 X 0l 



i+j+k=d 
k even 
i,j odd 



fl(F IV ) = f IV 
Now let, 



F = p 1 _|_ p 11 _|_ p 111 _|_ f iv 
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Then 



0(F) = f 



Hence f G Im(0). 

Lemma 3: Let G E S such that, G homogeneous and Z(0(F)) C Z{6{G)) C 
P 2 , where F is a irreducible polynomial of even degree. Then G E< F, Ajj : 

< i < j < 2 >. 

Proof: Let 0(G) = g, then g is a homogeneous polynomial and, 

Z(f) c ^(g) 

=>- g G (/) as C is a irreducible curve and hence / is irreducible hence, 

g = f.h for some h homogeneous in K[xo, x±, X2] 

Now / and g are even degree implies that h is of even degree hence, 3H e 5, 
homogeneous such that 0(H) = h. 
Thus 0(G) = 6(F). 6(H) = O(F.H), 

=> 0(G - F.H) = 

G - F.H G ker(0) 

^G-F.H= A H S H for 

some Sij G S, Sij homogeneous 

0<i<J<2 

G G< F, Aij :0<i<j<2> 
This completes the proof of the lemma. 

Now recall M 2 and M 3 from equations (2) and (3), from now we will 
denote them as below: Let us denote the i th row of M2 as Wi and j th row of 
M 3 as Gj, for 1 < i < 8 and j = 1, 2, 3. Hence we get, 

M 2 = [ Wx, W 2 , W 3 , W 4 , W 5 , W 6 , W 7 , W 8 ] (*) 

M 3 = [ d, G 2 , G 3 ] (**) 
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Theorem 4: Let C be an irreducible curve of even degree say d = 2m, 
m > 1. The homogeneous ideal X c of <r(C) in P 5 has the following resolution. 

->S-(-m - 4)® 3 ^ ,S(-4)® 3 © 5(-m - 3) ffi8 ^ 

^5 S(-3) e8 © 5(-m - 2)® 6 ^ ,S(-2) e6 © S(-m) ^is^S/l c ^0 

(4) 

where, 

M( = [ [Mx] , F ] (5) 



Also let, 



—F 














Aoo 





-F 











A i 








—F 








A 02 











—F 





A n 











- 


-F 


A 12 














- 


-F A 22 


[ Coo, 




U 2 


C/n, 


u 12 , 


u 22 f 



M' 2 = [ W[, W£, W£, Wi, Wi, Wi W>, Wi Uoo, U 01 , U Q2 , U n , U 12 , U 22 ] 

(6) 



where 



with Wi as in (*) 
Hence, 



Let 

where 



W' 



Vi = l,...,; 



M' 2 



Hi 



M 2 -FI 6 
Mi 



j position 



0, 0, 1 , 0, 



is a A; x 1 vector 
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M 3=[G[, G' 2 , G' 3 , Hi, . .., H 8 ] 



where, 



Gi 
[0] 



for i = 1,2,3 



where Gj as in (**) and [0] is a matrix of appropriate dimension, 
hence we have, 



Now let 



M' 4 



[Gi] 



Hence we can write that, 



M' A 



Proof: 

From Lemma 3, it is clear that 



M 3 -FI 8 
M 2 



-F.il] 



[-F.P] 

[M 3 ] 



-F.il] 

[Gs] 



Mi = [ A 00 , A i, A 02 , A n , A 12 , A 22 , F ] 



Now consider, 

A = [ aoo, doij a 02, an, ai2, o 22 ] 
where G S, homogeneous. 

And B E S, homogeneous 

such that 

^/, ; .A, ; • b.f 
e(B.F) = 

=>e(B).f = o 

B e< Aij : < % < j < 2 > 



Hence, B = Yli^ij^ij) f° r some homogeneous polynomials G S. 

Now if Ojj + bij.F = for all (a^-, 6^) then such a [A, _B] is generated by U^. 
If not then, 

EK + e Syz 1 (< Ay : < i < j < 2 >) 

Hence, the relations between A^ and F are generated by U^ : < i < j < 2 
and W^ : fc = 1, . . . , 8. 

Hence we get, 

M' 2 = [ W{, W£, W£, Wi, Wi Wi Wj, Wi U 00 , U 01 , U 02 , U n , U 12 , U 22 ] 
Now consider 

A = [ a o, a i, a 2, a u , a 12 , a 22 ] G S, a,j homogeneous VO < 

i < j < 2 and, 

= [ (&fc) ] , &fc G ^ homogeneous 

such that 

E + E = 

0<i<J<2 l<fe<8 

E a « A « = 

As the last column of each W^, k = 1, . . . , 8 is zero and the last column of 
Uij is Aij for < i < j < 2 

=>• A G< W k : k — 1, . . . ,8 > 

Let A = Efc( Cfc ^)' ^ or some homogeneous polynomial, c k G S 

- E c ^ F - Jrf e + E w = 

where 7d n is a n x n identity matrix. 

Hence if —c k .F + bk = for all fc, this implies b k = c k .F for all k then 
such ay) are generated by < [[F.[/f]] , [Wj]] > for % — 1, . . . , 8. And if not 
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then, [(-c k F + h)I k ] k=1 ^ G Syz 1 (< W, : J = 1, . . . , 8 >). 

Hence the relations between W' k and £7^ are generated by G\ and H k . 
Hence we get, 

^3 = [ ^'l> ^2> ^3) •••) #8 ] 

Now consider 

A = [ ai, a 2 , a 3 , 04, 05, d6, 07, a 8 ] T ,aj G 5, homogeneous for 
i = l,. ..,8 

-B = [ (frfc) ] b k E S, homogeneous for k — 1, 2, 3 such that 

^^ + ^6^ = 

i k 

J2 a i w i = ° 

i 

As the last six columns of each G' k , k = 1, 2, 3 are zero. 

A G< G p :p= 1,2,3 > 

Let A = J2 k (c p G p ), for some homogeneous polynomial, c k G 5. 
Then we have, J2 P ( C P G P )-( F - Id s) + E fe = 

=}► ^ (c p .F.Ids + 6 P ) G p = 

V 

Now if c p .F + bp = for every p, then 6 p = —c p .F for all p, then we can 
say that ([b p ], [c p ]) is generated by < ([— F.lf] , [If]) : i — 1,2,3 >, hence 
([&„], K]) is generated by < ([-F.lf] , 2 = 1, 2, 3 > 

Also from theorem 1 we have that G' k : k = 0, 1, 2 are independent. Hence 
Syz 1 (< G'^Hj : % = 1,2, 3 and j = 1,...8 >) =< ([— F./f] , [G;]) : i = 
1,2,3> 
Hence, 

M'-\( 

i = 1,2,3 
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3.2: Degree of f is odd 



Recall 

/ = di,j,kX Q x{x 2 

i+j+k=d 

Now let f = x Q .f , fi = xi.f , f 2 = x 2 .f 

Then f n is of even degree and hence according to Case A, /„ G lm(0) for 
n = 0,1,2 

Lemma 5: Let G G &[xoo, x ±, Xo 2 , %u, £12, x 22 \ such that, G homoge- 
neous and 

Z(0(F Q )) n Z(9(F X )) n Z(9(F 2 )) C Z(9(G)) C P 2 . Then G G< F fc , A 4J : < 
fc < 2,0 < i < j < 2 >. 

Proof: Now let 9(G) = g, then degree(g) is even. 

z(f )nz(f 1 )nz(f 2 )cz(g) 

=>• (? G (/)as C is an irreducible curve and hence / is irreducible 
=^ g — f-h for some h G fc[x , Xi, x 2 ] 



h 7^ 1 as degree / is odd while degree g is even 



</ = /j/ij for some homogeneous even degree polynomials hi G k[x , x\, X2} 

i=0,l,2 
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G = Ei=o,i,2 where = hiVi = 0, 1, 2. 
Such a ifj, exists as the degree of /ij is even. 

=>e(G- F * H i) = 

i=0,l,2 

G - F i H i G ker ( 6 ) 

i=0,l,2 

some Sij G /c[xoo; • • • 5 ^22] 

i=0,l,2 j,j=0,l,2 

G G< F fc , : i, j,k = 0, 1,2 > 



Lemma 6: Im{6) is a subalgebra of if [xo, xi, X2] and is generated by 
even polynomials. 
Proof: 

Like in the case of degree of / being even we split / in four parts depending 

on the parities of i,j,h. 

Case I: i, j, k are all odd. Let 

. i=i j=i k^i 

Let hj = y ciijkXQQ x 2 2 



Fo 1 



F, 1 



F 2 > 

Then, 



i,j,k 



E 



i+1 j-1 k-1 
a i,j,kXoO X ll X 22 X V2 



i+j+k=d 



= E 



i-l j + 1 k-1 

a i,j,k x 00 X ll X 22 x 02 



i+j+k=d 



E 

i+j+k=d 



i-l j-1 fc + 1 

a i,j,k x 00 X ll X 22 X 01 



F = XooXuh 
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Fi = x 11 x 02 h I 

F 2 J = X 2 2 x m h I 

Case II: i odd, j even, k even. Now 



i— 1 j fc 



Let hjj — y Q , ijk%QQ x \\ x 22 



Fq — ^ ] a i,j,k x 00 x \\ x 
i+j+k=d 



j+1 L h. 

2 

22 



-1 i k 

'< 1 • 

i+j+k=d 



F\ — ^ ^ Q-jj^XgQ x\iX22 x 01 



»— 1 i fe 



7— 1 XX ^ ^ 2 2 2 

-T2 = Q>i,j,kXoO X \\ X 22 X ^ 

i+j+k=d 



Then, 



F /7 — Xoohjj 



Fi 11 = x ih H 

F 2 H = x 02 h n 
Case III: i even, j odd, k even. Now 



Let hiu = ciijkX^x^ x 

i,j,k 



2 

22 



i j — 1 



777 ^ — ^ 1 ^ — 

F = a i,j,k x 00 X ll ^22^01 
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3 + 1 k 



F\ — a i,j,k X 00 X ll X 22 

i+j+k=d 



i 3 — 1 k 



F 2 IH — ^2 a i,j,k X 00 X ll X 22 X V2 
i+j+k=d 



Then, 



F IH — Xoihui 



Fi HI = xnhni 



F 2 IU = x 12 h IH 
Case IV: i even, j even, k odd. Now 



E- — 
a ijk x QQ x \\ x 

i,j,k 



2 
22 



jy _ 2 2 

-Tq — a ij',fc2 ; 00 a; ll a; 22 ^02 



i j k — l 



j-i IV _ 2 2 

^1 — / j a i,j,k X 00 X ll X 22 X V2 

i+j+k=d 



j k+i 



F 2 V — a i,j,k X 0Q X ll X 22 
i+j+k=d 



Then, 



F IV — XQ 2 hjv 



14 



Fi = x 12 h IV 



F2 — X22^IV 



F n = Fj + F n " + F n IH + F n IV Vn = 0,1,2 
Also notice 9{F n ) — f n for n — 0, 1, 2 

Theorem 7: Let C be an irreducible curve of odd degree say d = 2m — 1, 
for m > 2. The ideal X c of cr(C) in P 5 has the following resolution. 

->S-(-m - 4) 4 S(-4) ffi3 © 5(-m - 2) e6 4 

4 S(-3) m © 5(-m - l)® 8 4 ,S(-2) ffi6 © ,S ffi3 (-m) 4 5 -> S/Z c ->■ 

(9) 

Proof: 

From Lemma 3 and Lemma 5, it is clear that 

Pi = [ A 00 , A 01 , A 02 , An, A 12 , A 2 2, F , F 1; F 2 , ] 

Now consider A = [ aoo, aoi? °02) a n? a i2 ; o 22 ], a^- G 5, homogeneous 
V0 < i < j < 2 and 6 = [ 6 0) &2 ] where bi G 5, homogeneous, for 
k — 0, 1, 2 such that, 

• ^ /,,./••, (10) 
0(J> fc .F fc )) = 

=► 5>(&*)-/o = 

it 

^2(9(b k ).x k ) = 
15 



X2 } 




f ^ 







M 




l> 


Xq J 









Let 9(b k ) = B k , then degree of B k is even. Then, 

B = (B ,B 1 ,B 2 f e Syz 1 (x ,x 1 ,x 2 ) 
Now by simple computation we get 



Syz 1 (x ,a;i,X2) =< ( -x 





hence B G< Yo, Yi, Y 2 > where, 

Y = ( x 1 , -x , ) 

Y\ = ( x 2 , 0, -x ) 

Y 2 = ( 0, x 2 , -xi ) 

But degree of is even, hence, B G< a^Y; : fc, / = 0, 1, 2 >. 
Hence, (bo, h, b 2 ) e< Y lk : k, I = 0, 1, 2 > 

where 



^oo — 


v ^01 




) 


*01 = 




— rroi 


) 


^02 = 


[ ^12 


—X02 


) 


Y 10 = 


v x q 2 


o, - 


' x 00 ) 


Y u = 


v ^12 


o, - 


Xoi J 


Y 12 = 


' ^22 


o, - 


■X 2 ) 


Y 2 o = 


; o, 


^02, ~ 


"^01 J 


Y 21 = 


; °' 


3712, - 


■Xn ) 


Y 22 = 


; °> 


^22, - 


■^12 ) 



Also note that, 



Yq2 — Y-[ 
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Y 



20 



Now substituting all Y^ for i,j = 0, 1,2 except for Y 02 for b in (10) we get, 
the following 8 vectors, 
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Vi = [ 0, 0, -x 00 hi, 0, h IV , h IH , [Y 00 \ ] 
V 2 =[0, 0, h IV , 0, - Xll h T , -h H , [Y 01 }] T 
V 3 = [ 0, xoo/i/, 0, /i/y, h in , 0, [Fio] ] T 
V 4 = [ Xoo^j, /i/y, 0, 0, -h n , -x 22 hi, [Y u ] ] T 
V 5 =[0, -h IH , 0, -h n , -x 22 h T , 0, [Y 12 ]] T 
V e = [ 0, /i/y, xn/i/, 0, -x 22 hi, [Y 20 \ ] T 

V 7 =[h IV , x 11 h I , -h n , 0, 0, 0, [Y 21 ]] T 
V 8 =[-h in , -h H , x 22 hj, 0, 0, 0, [Y 22 ] f 

Let 

%=l\Vi], IV2], [V 3 ], [V,], [V 5 ], [V e ], [V 7 ], [V 8 ] ] 

Now all the relations between F n 's and A^'s are generated by \4's and W('s 
and all the relations between only Ay's are generated by Wi's. Hence all 
relations between F n , Ajk are generated by Vk, W(. 
Hence Syz 1 (< F n , A„ >) =< V k ,W{ >. Hence 

p 2 = ([w[] 

where W£ = [[W fc ] [0]] with [0] a 1 x 3 zero vector 
Hence we can write (3' 2 as 

^ 2 " [ y 

Now consider, A = (aj) such that a, G 5 1 homogeneous and -B = 
where G 5, homogeneous such that 

j2^ + J2 bkW k = ° ( n ) 
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Now as all the entries in the last 3 columns in each of W[ are zero we have, 

E A ^ = 

i 

Now it can be computed that Syz^Yy) =< L, L : 1 < i < 6 > where, 



u = 


x 02 


0, -x i, 0, 0, 


x 00 , 0, ] 




L 2 = 


_ X 12 


^02) ~ #11, — ^01 


, 0, X 01 , Xqo, 


0] 


L 3 = 


_ ^22 


0, —X\2, XQ2, - 


■Xoi, 0, 0, xoo 


] 


u = 


. °> 


x 12 , 0, -xu, 0, 


0, x i, ] 




L 5 = 


. °' 


x 22 , 0, 0, -x lu 


—X±2, X02, Xqi 


] 


Le = 


[ > 


0, 0, x 22 , -x 12 , 


-X 22 , 0, X02 ] 





So substituting i^, i — 0, . . . , 6 for B in (11) we get the following 6 vectors, 

= [ 0, 0, 0, xooh, 0, 0, -h IV , km, [Li] ] 
X 2 = [ 0, 0, xoohi, 0, -hm, -hiv, x u hi, h n , [L 2 ] ] T 
K 3 =[-x 00 hi, -hi V , 0, -hm, 0, hm, h u , x 22 hi, [L 3 ] ] T 
K A =[0, 0, -hjv, -x u hi, h n , x u hi, 0, 0, [L 4 ] ] T 
^5 = [ -W, -xuhi, hm, hu,-x 2 2hi, 0, 0, [L 5 ] ] T 
K6=[hm, h u , 0, 0, 0, -x 22 hi, 0, 0, [L 6 ] ] T 

Now all the relations between V^'s and W"s are generated by {K^s, G'^s, 
1 < Z < 6, k — 1, 2, 3} and all the relations between only W^-'s (which are 
actually Wj) are generated by G' k 's. Hence we have that all relations between 
{{Vi}, {W^}} are generated by {if,'s,G' fc 's }. So , 
Syz 1 (< Wj >) =< X/, G" fc >. So we get that, 

(3 3 =[[G' ] [G[] [G> 2 ] [K,] ... [K 6 \] 
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where, G\ = [ [Gj\ [0] ] where [0] is an appropriate dimensional zero matrix. 
Hence we can write that, 



M 3 L 
K 



Now consider A = (A), such that Ai e 5, homogeneous and B = (Bk), such 
that B k E S, homogeneous such that, 



Hence we have, 



i 

(as the last eight columns of G-'s are zero entries) 
Now it can be computed that Syz 1 (K ; / ) =< J' > where, 



2 

x 12 ~ Xn%22 
~Xq 2 X\ 2 + ^01^22 

x n x 02 - ^01^12 

2 

2^02 — ^00^22 

—Xq\Xq 2 + ^00^12 
2 

^01 — ^00^11 



Like earlier, substituting J' in (12) we get J. 



~x QXi 2 hj — x 00 hjj — XQihju — X{yihiY 
-x 1 ix 02 h I + xoihn + xuh in + x 12 h IV 



—x ix 22 hj — Xo 2 hjj — Xi 2 hjjj — x 22 hjy 



Now all the relations between K^s and G' k s are generated by J and there 
are no relations between only G'^s as there are no non-trivial relations be- 
tween Gfe's. Hence all relations between K h G' k are generated by J. Hence 



Syz 1 (< K h G' k >) =< J >. Hence 



This completes the proof of the theorem. 




(12) 



k 



J 



[J'\ 



(5, = [J] 
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